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Although we and others have developed equations to analyze for some indefinite self-associations that might be encoun- 
tered, it is felt in some cases that these models, known as the sequential, equal equilibrium constant (SEI() models, might 
overestimate the size of aggregates encountered at higher solute concentrations. Thus, Garland and Christian proposed 
two attenuated equilibrium constant (AK) models that might overcome this problem. Their methods were restricted to ideal 
solutions and to osmometric procedures. We have-removed these restrictions, and we have developed equations for analyzing 
four AK models that might be encountered. Various tests to aid in distinguishing these models are presented. These proce- 
dures have been tested with two simulated examples of a Type III AK indefinite self-association. 

I_ Introduction 

Self-associations that appear to continue without 
limit are known as indefinite self-associations [l-4]. 
In order to analyze these self-associations some assump- 
tions had to be made so that infiiite series could be 
developed to describe the total concentration (c) and 
the number (M,,) and weight (M,,) average molecular 
weights or their apparent values (&fna and M,,.,) under 
nonideal conditions. In order for these series to con- 
verge it was necessary to assume that the product of 
the intrinsic equilibrium constant (k) and the mono- 
mer concentration (c,) in g/Q or other related products 
was restricted to a range between 0 and 1, i.e., 
0 d kc, < 1 _ The model has been described as the se- 
quential equal equilibrium constant (SEK) model [3,5] _ 
In a previous publication from this laboratory, some 
methods have been developed for analyzing four types 
of SEK model indeftite self-associations [l] _ Here we 
present some methods for analyzing four analogous, 
indefinite self-associations, but in this model, known 
as the attenuated equilibrium constant (AK) model, 
one does not have to restrict values of kc, (cI in g/Q) 
or other related quantities to a range between zero and 
one, i.e., here 0 < kc1 < =. 

* To whom all correspondence should be addressed. 

Studies on the self-association of nucleic acid nitro- 
gen bases, their derivatives, and on some nucleosides 
in aqueous solution have led to the conclusion that 
these solutes self-associate in stacks that are made up 
of the planar base moiety [5,6] _ This interaction, 
known as base stacking, is attributed to hydrophobic 
interactions rather than hydrogen bonding. The SEK 
Model Type I indefinite seIf-association (also known 
as the random, open or isodesmic self-association) 
and other SEK models have been used to analyze these 
associations_ For some of these materials that associate 
to a very high degree, the Type I SEK model may 
overestimate the degree of association at higher solute 
concentrations [5--8]_ Attempts to correct for this 
have involved using a two equilibrium constant model 
(the Type III SEK Model) [5,9], placing an artificial 
limit on the size of the stack [7,8], and introducing 
activity coefficients (calculated from statistical thermo- 
dynamic models) for the aggregates, which leads to a 
sequence of decreasing association constants [lo] _ 

Garland and Christian [S] have suggested another 
approach to this problem, and they have tested their 
idea experimentally with kinetic and thermodynamic 
data. In the SEK model it has been assumed for any 

association step 

PI + pi_l =+ Pi (i = 2, 3, ___) (1) 
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that a) the standard enthalpy-change is the same for 
each~step (A@ = A@= _.. = MD), and b) that the 
stand&d entropy change for all steps is constant 
(A@= AS; = ___ = AS’). Since a chemical equilibrium 
is present, the base molecules of the various stacks 
are able to exchange reversibility with one another, 
and Garland and Christian pointed out that it sTemed 
more reasonable that there should be a varying en- 
tropy change for each step. Their-arguments led to 
these relations [S]: 

As; = -R ln i i- constant (i = 2,3, _._) (2) 

and 

In order to analyze the AK self&ss&iations the 
following conditions will be assumed to apply to the 
self-ass&ziating species f 143 : 1) The natural logarithm 
of the activity of any self-associating species i will be 
represented by 

Kj = exp(-AGru/RT) = constant 

X exp(-hr i)exp(-A@/RT) (3) 

for PI + Pi-1 * Pi_ For this model, the AK model, 
the equilibrium constant A;- is attenuated by an integer 
i (i = 2,3, ___) for each successive step. ln the AK model 
it is still assumed that the MD values are the same for 
each step. The AK model was developed for a Type I 
and a Type III ideal self-association by Garland and 
Christian ‘[5 ] _ In addition their treatment was restrict- 
ed to osmometric methods (membrane or vapor pres- 
sure osmometry) and used molar equilibrium concen- 
trations, molar stoichiometric (formal) concentrations 
and the osmotic coefficient (which is the same as 

nfl /Mm, where M, is the molecular weight of the 
monomer)_ 

lnyi= iB,MlC (i= 3,2,...). (4) 

Here Bi is a constant whose value depends on the 
temperature and the solute-solvent combination. 2) 
The refractive index increments ((&z/&)~~p) of the 
associating species are equal. 3) The partial specific 
volumes (5) or the density increments (1 OOO@p/ 
Z&z),,) of the associating species are equal. For self-as- 
sociation solutes that ionize, it will be assumed that 
the solutions are made up in the presence of support- 
ing electrolyte and buffers and then dialyzed against 
the solvent ibuffer) solution, so that +-he association 
species are defined according to the Vrij-Overbeek 
1161 or Casassa-Eisenberg [ 171 conventions. The sub- 
script cr in the density increment (1 OOO(~p/ac),) in- 
dicates this has been done. and that the diffusible 
solutes have the same chemical potential in the solution 
and in the buffer_ The equilibrium constant(s) and the 
nonideal term will refer to species defined by these 
conventions. 

Since nonideal effects have been reported in the 
study of the self-associations of nucleic acid bases and 
nucleosides in aqueous solutions [ 1 I - 133, and since 
nonosmometric methods (sedimentation equilibrium 

and light scattering) are used to study these other 

self-associations, it seemed appropriate to remove 
these restrictions. The AK model may also apply to 
the self-association of some other solutes besides 
nucleosides and related compounds. Thus we have 
developed methods here for analyzing the four AK 
analogs of the SEX model iudefmite self-associations 
already reported on [ 1 ] _ In addition we have 
developed standard blots of 71 versus f to test for the 

Types I and II AK indefmite self-associations: these 

previously used quantities (see refs. [3], [ 143 and 

[i 51 for example) are defined by eqs. (14) and (l3), 

respectively. For the Types III and IV AK indefinite 
self-associations we have developed analogs of the n 

versus g diagnostic plots_ 

Assumption one makes it simpler to analyze non- 

ideal self-associations_ It is the only one of the three 
assumptions needed in order to obtain M,, or Mu, 
from membrane or vapor pressure osmometry_ The 

reasons for using this assumption, and its validity are 
described elsewhere [14.18]. The first two assump- 
tions are needed in order to obtain Mm.,= or M, from 

sedimentation equilibrium experiments_ 

At constant temperature when a series of experi- 
ments at different concentrations have been carried 
out, one can make plots of Ml/M, versus c or of 

Ml/M, versus c, and then use these plots to analyze 
the data. When Mxa (or M,) and c are the primary 

data, the following quantities are available [ 1,3,4,19] I 

Here, 

B=B_ +(@/lOOOM& (6) 

and BMl is known as the nonideal term. An ideal self- 

association v&l be defmed here as one for which 

BM,=O_ 



(7) 

(8) 

Here fi = q/c is the weight fraction of monomer, 
and f, is its apparent value under nonideal conditions_ 
When Mm (or M,,) and c are the primary data, the 
following quantities are available [2] : 

Ml 
ni, = 

Ml =- +hw,c, 
M 00) 

UT 

=Inf, +BM,r. (II) 

For strong self-associations a plot of fMl/Mn_ - 1 )/c 
or (M1/Mna - 1)/c required for the evaluation of 
lnfa may not be too reliable at very low concentra- 
tions. Thus, it may be advantageous to make the plots 
from the lowest reliable concentration, denoted as cm, 
and evaluate In f,/f,, , where f,, is the value off, at 
f, _ ln some cases, particularly with strong self-asso- 
ciations, it may be advantageous to use the quantity 
ln(J,/f,,) which is defmed by 

=NCi/f~i,)+=h(c--cc+)- (12) 

The quantities Mm, Mtva and In fa can be com- 
bined in various ways to analyze the data. Two very 
useful relations are given by the quantities t and n, 
which are defmed by [? ,2 3 

and 

rl = Ml /Wva - hf,=M#,v, - Infl, (14) 

whenever eq. (4) applies. We will show how 5, n and 
in(f,/f,,. can be used to analyze four types of at- 
tenuated equilibrium constant (AK) model indefinite 
self-associations _ 

3. Analysis of the AK mode1 indefinite self-associations 

3.1. Tvpe I AK i?tdefinite self-associations / 3,5/ 

For this model it is assumed that all species are 
present; furthermore, it is assumed that the molar equi- 
Iibrium constant between successive steps (see eq. (I)) 
is attenuated by a factor i (f= 2,3, ___)_ Thus for any 
step described by eq. (I) 

Kti_lj;= PiI /IpU-lJ PI 1 = K/i 

= pi (as defined by 
Garland and Christian [5] ) (15) 

and 

pfj = (K/i)[Pu_l,] [PI ] = (K’-“/i!)[P1 ] i_ (16) 

The total concentration of the associating solute, P, 
in g/Q becomes 

= cl exp(Xrcl) = c1 exp(x), 

x=&1, O<IlzT1 <w* (17) 

Here 

k=K/Ml. 

The expressions for Ml/Mn,, lcfl/MwC, .$ and n be- 
come 

Ml 
Mnc-LYicl 

--!- [I - exp(--kcl)] =$[I - exp(-x)]. (18) 

M, /Mm., = I/(1 +-kcl)= l/(1 +x), (1% 

=I Mr 
‘=M,a wa 

-M_ = $ [I - exp(-x)] - &, (20) 
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Fig. I_ Plot of E versus x for the Type I AK and Type I SEK 
models. An approximate value of x may be found if one 
knows the experimentally determined quantity E_ 

and 

;,=(M,/M,,.a)--lnfa= l/(1 +x)+x. (21) 

Note that x = kc, and 0 <x < =_ For the AK models 
it is not required that kc, be less than one; for the 
SEK models [l], it is required that kc, < I (for c1 

in fm- 
If one has values of $ available, then it is a simple 

matter to obtain x from E by successive approxima- 
tions_ This is also the case for the quantity q, defined 
by eq. (21). Both .$ and q are functions of x, so one can 
plot .$ or 17 versus x. Plots oft versus x are shown in 
fig. 1 for the Type I AK and SEK [I] models. Plots 
or tables of & or 17 versus x can be used as a guide in 

starting the successive approximations_ One can also 

use the experimental data with standard plots of q 
versus $ for the Type I AK and SEK model indefinite 
self-associations to test for the presence or absence of 
either of these self-associatibns; these standard plots 
are shown in-fig. 2. Once x isknown, then eq. (17) 
can be used to evaluate fl, since 

fi = exp(-kc1 ) = exp(-x) . (2% 

The AK intrinsic equilibrium constant, k, can be ob- 
tained from a plot based on 

x/f 1 = x/exp(-x) = kc_ (23) 

If the AK Type I indeftite self-association is the cor- 

0 AK 

. SEK 

01 
0 02 0.4 0.6 

5 0.8 

1.0 12 

Fig. 2. Standard plot of Q versus E for the Type I AK and 
Typz I SEK models. Failure of the F and q values to fall on 
the specified curve indicates this type of self-association is 
not present. 

rect model, then the plot based on eq. (23) should 
give a straight line going through or close to the origin, 
and the slope of this line would be k If the model is 
wrong, then a curqed plot or a linear plot whose inter- 
cept is quite removed from the origin may be obtained_ 
For this model; thiz nonideal term, BM, , is obtained 
from a modification of eqs. (18) or (19). When eq. 
(19) is used, then 

MI/M, - l/(1 +x)=BMIc. (24) 

For a relatively large BM1 f a plot of the left hand side 
of eq. (24) versus c will have a slope of BM, _ With 
small BM, one may have to set up an array of v&es 

of(M#%.,&~~cm ami (“1/Mwa)OBSVD and fmd 
the best value of BM1, for which (l/N)X$s~ is a 
minimum, using procedures analogous to those de- 
scribed previously. Here 

If M,,= values were the primary data, then ai would be 
calculated using Ml/Mm instead of MI/M,_ 

If the quantity ln(f,/f,,) is used in the analysis, 
then the appropriate equation for fi is given by 

fi = exp{-[(MJM, - BMlc)-’ - I])_ W) 

‘Ihe analysis is performed in the same manner as de- 
scribed previously for the SEK Type I indefinite self- 
association_’ 
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3.2. Type II AK indefuzite self-association 

For this association it is assumed that all odd species 
higher than monomer are absent; it is still assumed 
that K~i_2)i= K/i (i-= 2,4,6, ___)_ The total concen- 
tration of solute (in g/P) becomes 

c=c1 +/tc: +(k 3 4/22) + (k5ct/23 - 4) + ___ Cl 

= cl [I + kc, {I + (k2c;/22) + (k4c;/2 . 24) 

+ (k6&2 - 3 - 26) + ___ 33 

= c, ‘[I + 2(kc,/2)exp{kc1/232] 

=cl[l +2xexp(i2)]_ 

Here 

(27) 

x=kcl/2=kcfi/2 (0Ox-C~). (28) 

The equations for $ and r] become 

E = UM, /W,, - MI/W,., 

= 2 + (2/x)exp(x’ - 1) 1 + 2x exp(x2) 

- 1 + 2x exp(x2) 1 + (4x + 4x3)exp(x”) 

(29) 

and 

rl = MJ-M,, - ln fl 

= 1 + 2u exp(x2) 

1 + (4x + 4x3)exp(x2) 
+ In[l + 2x exp(x2)]. 

(30) 

Note that 7 and .$ are each functions of x, so that 
plots or tables of 17 or .$! versus x can be constructed 
to aid in the successive approximations needed to 
solve eqs. (29) or (30) for x. Fig. 3 shows plots of E 
versus x for both the Type II AK and SEK [l] model 
indefinite self-associations_ Standard plots of 7~ versus 
t for both types of Type II self-associations are shown 
in fig_ 4: these diagnostic plots can be used with the 
experimental data to test for the presence or absence 
of these two self-associations_ Once x is obtained, 
then fi can be calculated from a modification of eq. 
(27) since 

/I = I/[1 +2x exp(x2)] - (31) 

“AK 

l SEK 

Fig. 3. c versus x for the Type II AK and Type II SEK models. 
If t is known then these curves may be used to determine an 
approximate value of x. 

Then one obtains k from a plot based on 

x/f1 = x-c/2. (32) 

The slope of a plot of x/fi versus c is k/2_ If this model 

is correct, then a straight line going through or close 

to the origin is obtained. The wrong model would 

deviate from this behavior by giving curvature in the 

plot based on eq. (32) or by giving a straight line whose 

OAK 

- SEK 

5 

Fig. 4. Standard plot of q versus E for the Type II AK and 
Type II SEK models. Note that these are the characteristic 
curves for any Type II AK and SEK associations regardless of 
equilibrium constants or nonideal terms. 



intercept deviates significantly from the origin. The 
nonideal te&& BMl, is obt&ed froin 

Mi /M,, - MI/M,,., = BM, c. (33) 

_pe appropriate form of MI/M,,,, is given by tie last 
term in eq. (29)_ 

If the quantity In (f,/f& is used ln the analysis 
(see eq. (12)), then the approriate form of *he equa- 
tion to use is 

h (f,/f,,) = In (x/x,) - h WC,) + BMl Cc - cd. (34) 

Here 

X’jkCl 

= 

t 

(MI/M, - BMIcj-’ -fa exp(-BM1 c) _ 

2 [ 1 - fa exp(-BM1 c)] 

1 

For the Spe II AK indefinite self-association it is 
much easier to use the quaniity & 

13. Tjpe III-AK inciefitite seIf*ssociation 

This is a cooperative variant of the wpe I associa- 
tion_ Here it is assumed that Klz f K/2, but it is still 
assumed that KCi_lji = K/f for i = 3,4, _._ _ The total 
concentration of the associating solute is given by 

c = ct + 2k12c: + k12kc: 

+ (k,,k*c$l - 3) + (k12k3c:/1 . 3 . 4) + ___ 

= cl + (2k12c~/k)[exp(kcI) - 1] 

= c1 [ 1 + (2Y/x)(exp(x) - 1 )J _ 

Here 

(36) 

Y = k,zcl =k,zcfi = (K,#$ kf,, 

and 

(37) 

x=kc , = ckfi = (K/M1)cfi _ (38) 

The quantities .$ and q become 

E _ 2 “1 _ 2 il •t (2u/x2Xexp(x) - 1 -x)1 
nc Mwc 1 * (2y/x)[ew(x) - 11 

L 1 l (~Y/x)~~P(x) - 1 I 
1 + (2Y/x)[exp(x) i x exp(x) - 1 ] 

1 -t (~Y/x) texP(x) - 11 
= 1 t (2Y/x)[exp(x) + x exp(x) - l] 

+ In [l + (2Y/x)(exp(x) - l)] - cw 

Inspection of eq. (39) for f indicates that this can be 
converted to a~quadratic equation inY_ The root of 
this equation, which- we will call g(x, E), will contain 
terms in x and <_ When g(x, g) is inserted into eq. (40) 
for T), then since .!j and q are fued, one has only one 
variable x, whose value can be obtained by successive 
approximations_ This procedure would. be repeated 
for every value of $ and 11 that is used. Once x is 
known, then Y is known from g(x, 5) and fi can be 
obtained from eq. (36). A plot ofY/fi versus c will 
give a straight line (see eq. (37)) which should go 
through or close to the origin, if this be the correct 
model; the slope of the straight line would be k12_ 
Smilatly a plot of x/f1 versus c will give a straight line 
gbing through or close .to the origin (s?e eq. (38)), if 
this be the correct model; for this case the slope 
would be k_ Once x and Y are known, then the non- 
ideal terms can be evaluated from the expression for 
MI/M,, (cf. eq. (33)); the appropriate form of M, / 

M,v, is given by the 1st term in eq. (40). 
One can construct analogs of the standard plots of 

q versus g for the Type III AK indefinite [l] self- 
association_ At fured values of g, one can make stan- 
dard plots or tables of TJ versus x (remember 0 < x 

< -), and these plots or tables can be used to aid in 
the successive approximations. The same procedures 
could be used with a Type II SEK indefmite self-asso- 
ciation; for this case the values of x are limited to 
0 & x < 1 _ The pertinent equations for the Type III 
SEK model are given in the appendix_ Fig. 5 shows 
some standard plots for various values of E for both 
mpe III models, & this figure we have cutt off the 
values of x for the AK model at x = 2 for ease of com- 
parison: The quantity g(x, g) needed for use in eq. 
(40) is given by 
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Fig. 5. Standard plot of q versusx at several E values for the 
Type III AI( and Type II1 SEK models. Solid lines show the 
AK model; dashed fines represent the SEK model for which 
06XCl. 

~(E2(~+Y-P)-(P+YM2 
- 4(2wy - j3’ - P-yE)(I - &“). 

Here 

(41) 

Q = (2/x2)[exp(x) - 1 - x], 

B = Wx)kxp(x) - 1 I, 

y = (2/x)[(x + l)exp(x) - l] _ 

When the quantity In (f,/f,,) is used, then one notes 
that 

In (fa/fa*)= In [(x/c)/(x/~),l + BM, (C - C*)- (41a) 

The equation for x is given by 

2 - fl - (MwJM, ) 

x = 

2 -f, exp(-BM1 c) - (MI/M, - BM,c)-’ 
= 

1 - (fill/M,,, - BMlc/2) 
(41b) 

Thus to be able to use In cf,/fa*) one must know the 
values off, and off,, since they wili be needed in the 
equations for x and x,, respectively. If the value of 
f, is needed here, then it is simpler to use the quanti- 
ties q and E as described above, since one evaluates x 
directly from them. 

3.4. Tvpe IV AK indefnlite self-association 

This is a cooperative variant of the Spe II AK in- 
definite self-association_ Here it is assumed that 
K12 f K/2, but it is still assumed that K~i_a)i = K/i 
for i = 4,6, ___ _ The total concentration of the self- 
associating solute (in g;P) is given by 

c = cl f 2klZc; i-k&kc; 

i (k;zk”c~/4) -t (k;,k3&4 - 6) i _._ 

=C 1 

= c1 [l + 2kIZcl exp(z’/2)] = cl [I + 2~ exp(z’/3)] 
(42) 

Here 
- 

_v = K,,C, = k12cl, (43) 

z ’ = K,?Kc = k,,kc:, (44) 

z = (k,,k)“2c, = k-q, Wa) 

k,z = K&M,, k = K/Ml, cl = Cl/MI. (45-47) 

The equations for g and n become 

y; ,“r 1x1 f- (2r/z2)[exp(z’/2) - I]} 

\\ c 1 + 2v exp(z2/2) 

1 + 2y exp(z2/2) - 
I +y [4 + 2.~~1 exp(z2/2) 
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Fig. 6. Standard plot of n versus .z at several E values for the 
Type Iv AK and Type IV SEK models. Solid lines show the 
AK model; dashed lines represent the SEK model for which 
0 < _z < 1. An initial guess for z is found by generating a TJ 
versus z curve tit a particular F value. Since there is a unique 
value for e and q at each concentration, a value for z may be 
read from the &rve_ 

and 

q=MJM,,-lnfi = 1 + 2y exp(z2/2) 

1 +y(4 -t 2z’)exp(z2/2) 

f- In [I f 2y exp(z’/2)1. (49) 

Note that eq. (48) can be converted to a quadratic 
equation in y_ The root of this.equation can be called 
@(z, g), since it contains terms in z and & At a fved 
value oft one can insert +(z, .$) into eq: (49) to con- 
vert it to one equation in one unknown 2; this proce- 
dure is repeated-at other values of $. Again one can 
construct analogs of the standard plots of T) versus t. 

At fured value; of g one can make’standard plots or 
tables of 17 versus z, andthese plots or tables can be 
used to aid in the successive approximations. Similar 
procedures can be used with the Type IIr SEK model, 
although here the values of i2 tie limited to 0 < z2 
<I _ The pertineruequations for- the Type Iv SEK 
model are given in the appendix. Fig. 6 shows some of 
the standard plots of ‘1;1 versus z for v&ious values of ,$ 
for the Type IV AK and the Type IV SEK models. For 
ease of comparison the values of z are plotted only 
to z = 2, since for the SEK model ?he values of z ex- 
tend only to z = I. The quantity @(z, .$) needed for 
eq. (49) is given by 

- 4&y - P2 - Prs;xl - El1 ‘3 - 

Here 

(50) 

a= (4/z2)[exp(z2/2) - 11, 

B = 2 exp(z2/2). 7 = [4 i 2z2] exp(z2/2). 

Once z is known, so isy. The quantities k, k,, BM, 
can be obtained using procedures analogous to those 

used for a ‘Type III AK indefinite self-association_ 
When the quantity ln(f,/f,,) is used, then one 

notes that 

h (fA/fa*) = IJI [(Z/c)l(z/c),] + BMy (C - c,). (51) 

The equation for z is given 

I 

(M~/M~, - BM~c)-’ - f, exp(-BMlc) 

I 

l/2 

z= 
1 -f, exp(-BMlc) - 2 * 

4. Tests with simulated examples 

In order to test the validity of the relations, two 
simulated Type III AK examples were chosen; the 
values for k12, k and &Vi for these two examples are 
listed in table 1 _ Example A was based on the data of 
Garland and Christian [5,7] for the self-association of 
6-methylpurine in titer at 25°C over %I concentration 
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Table 1 
Comparison of Type .I11 AK simulated parameters withresults of model tests 

Ekrnple Model kl2 @/g) A- wa BMl Gm 

A III AK 0.0596 0.0426 0.01 

A* a) III AK 0.0653 0.0363 0.01 

A- III SEK 0.0659 0.0121 0.01 

B III AK 0.596 0.426 0.01 

Be b) III AK 0.587 0.421 0.01 

Comments 

k,z, k from [S]. 
Bnl, picked as a representative value. 
III AK and III SEK models both fit the 
Example A* data equally well. 
III AK and III SEK models both fit the 
Example A* data equally well. 
R,z, k picked to be 10 times larger than 
those in Example A. 
III AK model gave the best tit of 
all models tested with Example B* data. 

a) Represents Example A data which was randomized and smoothed. 
b, Represents Example B data which was randomized and smoothed_ 

range of 0 to 88.2 g/P. Their values of k12 and k (see 
their table II) were converted to Q/g, and a small non- 
ideal term was added by us in the form of BM, _ 
Simulated values of MI/M, versus c were generated 
for a Type III AK association using these krz, k 
and BMt values. For Example. B, also a Type III AK 
model, the values of kt2 and R were increased by a 
factor of ten, while the value of the nonideal term, 
&WI, was held constant. Here again the tests were per- 
formed over a concentration range of 0 to 88.2 g/Q. 
Tests with perfect data showed that one could recover 

1.0 

0.B 

Fig. 7. Smoothed plot of M&fwa versus c for Example A*. 
Included are the noisy data <+3% random error) before 
smoothii (*) and representative values of the original 
Example A perfect data (0). 

the original values of k12, k, and BM, for either 
example from the plots ofM1/M,v, versus c and the 
qua&ties g and q_ 

For a more realistic test, 3% error was inputed rand- 
omly to the Ml/M,,,, versus c data for both examples, 
using procedures.analogous to those described previous- 
ly [I] _ These data were smoothed in both cases accord- 
ing to previously described procedures and the new, 
smoothed M1/Mwa versus c values became Example A* 
and Example B*. Values of M,/?Pfm, ln f,, g and 1) 
were obtained from the smoothed data for use in the 
model tests. Fig. 7 shows the smoothed plot ofM,/ 
M,va versus c for Example A*. This plot also shows 
the noisy data before smoothing (-) and the original 
Example A perfect data (0). It is evident from this 
figure that the smoothed plot shows relatively little 
deviation from the perfect data. Anaiogous plots for 
Examples B and B* are shown in fig. 8. The values of 
k12, k and BMI obtained from the smoothed data for 

both examples are listed in table I_ 

We also tested to see if these noisy Type III AK data 
(Examples A* and B*) would fit any of the other AK 
or SEK type indefinite self-associations. Figs. 9a and 
9b show plots to test for the Type I AK and SEK in- 
definite self-associations, respectively. For the AK 
model, the methods based on the quantity g (see sec- 
tion 3-I) were used. For the SEK model the proce- 
dures based on the quantity g (see section 3.1 of ref. 
[l] ) were also used. If either model were correct, then 
the appropriate plot should give a straight line going 
through or close to the origin, and the curvature in 



Fig.-& Smoothed M,/Mwa versus c curve for Example B*. 
Also sholvn arc the noisy data (23% random error) before 
smoothing (-) and representative values of the original 
Example B perfect data (o)_ 
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these plots indicates that th&models fail. Figs; lOa. 
and lob draw the correspond&g diagnostic .plots 
used to-test for a type.11 mdefmite self-association; 
the quantity g &as used in all cases, For the AK model 
the procedures described in section 3.2. were follotied, 
and for the SEK model the procedures described in 
section 3.2 of ref. [l] were folloked. If either model 
were correct, then *he appropriate plot would give a 
straight line going through or close to the origin; the 
linear plot for Example A* would suggest this associa- 
tion might be present. 

To test the Types III and IV AK indefmite self- 
associations, the methods using Q and f described in 
sections 3.3 and 3.4, respectively, were used. The 
tests for the Types III and IV SEK indefinite self- 
associations also involved the quantities 77 and E, and 
the appropriate equations for these models are describ- 
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Fig_ 9. a. Diamostic plot for a Type I AK modeL Failure of Example B* (01 data to give a straight line that passes through oi close 
to tbe ori_& indicat& a Type I AK association is absent for that-case. Even though Example A* (o) apparently gave tbe desired 
straight lime, this model-was ruled out on the basis of ihe variance. See table 2. For an explanation of the quantities involved see 
section 3.1. b. Diagnostic plot to test for the presence of a Type I SEK association. The observed curvature of the two cases shown 
rules out a Type I SEK association. See section 3.1 of ref. 1 for an explanation of the quantities used. The curves shown were oh- 
t$n&_from the Example A* (01 and B* (0) data. 
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Fig 10. a. Diagnostic plot for a Type II AK association_ Failure of these plots to $ve a strai&t line that passes through or close to 
origin indicates the absence of a Type II AK association. The plots of the Example A* (o) and B* (3) data. holvever, sugscst that 3 
npe II AK associaticm might be present but this model was ruled out on the basis of the variance for both cases. See table 2. Sec- 
tion 3.2 describes the quantities used in evaluating the Type II AK model with both Example A* and B* data. b. Diagnostic plot 
for a Type II SEK association. Neither example is described by this model as is evidenced by the lack of a straight line passing 
through or near the origin. An explanation of the values plotted may be found in section 3.2 of ref. [I]. Note the obvious curvatuz 
io the plots for both Example A’ (0) and Example B* (e)_ 

ed in the appendix. The results of these tests are listed 
in table 2, For example A* the Type III AK and the 
Type III SEK gave the best fits as judged by the 
variance. Here one could not distinguish between these 
models. With example B*. on the other hand, we 
achieved complete discrimination between the AK and 
SEK models, and the best fit, as judged by the vari- 
ance, was given by the Type III AK model. The values 
of klz, k and BMl ; and the variance for all these tests 
are listed in table 2. Th? variance, defmed by 

Variance =$ g [(Za)calcd 7 (2,,,1 (53) 
i 

was used as a criterion for the goodness of fit. Here N 
was the number of data points used and the subscripts 
CALCD and OBSVD refer to calculated and observed 

values of M, /M,x,a at data value i In order to obtain 
the variance, the (Ml/A1,v,)CALCD values were based 
on values of k, 2, X- and BMI that were obtained from 
linear regression_ For the Spe III AK model, modifica- 
tions of eqs. (37) and (38) plus the appropriate form 
of eq. (33) were used. For the Type IV AK model, 
modifications of eqs. (43) and (44) plus the appropri- 
ate form of eq. (33) were employed. 

5. Discussion 

In the preceding section we showed with t-wo si- 
mulated examples the problems that can arise when 
analyzing for a Type III AK indefinite self-association_ 
The virtues of our new procedures involving the quan- 
tities 7) and g for the Types III and IV AK model in- 
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Table 2 
~na1ysi.s of Type III AK simulated data with 3% random error 

Evample Model klz: CQ/.z) k <Q/g> _f, VZWianCZ 
Tested 

comments 

A* IAK 

IIAK 

IIIAK 

A* 

B* 

Bf 

WAK 

ISEK 

II&K 

IIISEK 0.0659 -r 0.0002 

IVSEK 

IAK 

IIAK 

IIIAK 

IVAK 

ISEK 

IISEK 

IIISEK 0.637 c 0.008 

lVSEK 0.778 5 0.003 

O-0723* 0.0001 

N/A 

N/A 

0.0733* 0.0001 

N/A 

N/A 

OS87 & 0.001 

0.756 f 0.002 

N/A 

N/A 

0.078 +O.OOl 

0.124 -c 0.001 

O-03&3 * 0.0006 

0.055 _’ 0.006 

0.0295 2 0.0007 

0.0167 2 0.0006 

0.0121 f 0.0002 

0.015 * 0.002 

0.397 * 0.005 

0.733 f 0.008 

0.421 f 0.002 
0.147 f 0.003 

0.094 f 0.003 

0.032 ti 0.002 

0.119 f 0.001 

0.033 * 0.001 

0.0109 f 0.0001 

0.0123 ” 0.0001 

0.00980 * a.00601 

0.0112 f 0.0001 

0.0123 f 0.0001 

0.0101 + 0.0002 

0.00997 + 0.00001 

0.0118 * 0.0001 

0.0106 + 0.0001 

0.0124 * 0.0002 

0.00999 i 0.00001 
0.0108 2 0.0001 

0.0121 5 0.0001 

0.0043 2 0.0005 

0.0106 f 0.0001 

0.0115 + 0.0001 

1.41 x 10-4 

5.30 x 10-4 

2.15 x10-b 

3.29 x IO” 

5.00 x 10-4 

2.63 x 10” 

2.14 X lt?d 

5.20 x 10-s 

1.26 x IO+ 

3.37 x 10-s 

3.39 x 10-b 
7.69 x IO-’ 

9.36 X 1O-4 

1.35 x 10-l 

5.10 x IO* 

1.32 x lo4 

Rejected on the basis of 
v.?.riance 

Rejected on the basis of 
vlviance 

III AK and III SEK models 
both fit the data equal- 
ly we11 

Rejected on the basis of 
variance 

Rejected on the basis of 
variance and diagnostic 
plot 

Rejected on the basis of 
variance and dia_enostic 
plot 

III AK and III SEK models 
both fit the data equal- 
ly well 

Rejected on the basis of 
variance 

Rejected on the basis of 
variance and diagnostic 
plot 

Rejected on the basis of 
VtiXiCC 

Gave the best fit 

Rejected on the basis of 
variance 

Rejected on the basis of 
variance and diagnostic 
plot 

Rejected on the basis of 
variance and diagnostic 
plot 

Rejected on the basis of 
VZUiXlCe 

Rejected on the basis of 
variance 

definite self-association are the following: 1) We 
do not have to depend on the quantities c and g only 
and use them in an iterative prdcedure [ 1 ] to de- 
ten&e the two equilibrium constants from equa- 
tions involving three unknowns (cl, X-12 and k). 2) 

IV AK model) from which we can then extract the 
more precise parameters, the equilibrium constants 
kI2 and k. 3) One does not have to deiermine the non- 
ideal term BM1 first [l] . This is usually the least pre- 
cise experimental quantity, and if it were determined 

Here we deal with one equation in one UnknOWn (the 

quantity x for a mpe III or the quantity z for a 115rpe 
first, then a small error in BM 1 could have a much 
larger, incommensurate effect on the values of k and 
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k,,- This is why the quantities 9 and $ were used. 
These same principles can be applied to the Types III 
ar&IV SEK indefinite self-associations or to any model 
involving two equilibrium constants, such as a mono- 
mer-dimer--n-mer self-association. When osmometric 
experiments are performed, i&f, is the primary data, 
and one may~want to use the quantity Y, where [IS] 

instead of n, since for these experiments Y may be a 
more precise quantity than v_ The quantity In f, may 
be evaluated from Mr.,, by means of eq. (11). Thus one 
could use tables or graphs of Y versus x (or Y versus z) 
at constant .$ in the enalysis of Type III (or Type IV) 
AK or SEK indefinite self-associations. It shouid be 
noted that we were able to show that example B* was 
best described by the-Type III AKindefinite self-associa- 
tion (see table 2) instead of the other seven types 
(three other AK and four SEK) of indefinite self-asso- 
ciations- However, with Example A* we found two 
models (Types III AK and SEK) that could equally 
well describe the observed self-association. We believe 
that this was due to a combination of weak equilibrium 
constants and the random error. With perfect data 
(Example A) we were able to distinguish-between 
these two models. 

It should be noted that the values of k12, li and 
BM, obtained from the simulated data with 3% error 
input randomly did differ from the true vahres (see 
table I). The differences were greater with Example 
A*, the weaker self-association, than they were with 
Example B*, the stronger self-association. For both 
Examples A* and B*, the values of k showed the 
greatest difference bet-ween the observed and true 
values, whereas the A-,, values were closer to the true 
values and seemed ‘to be less affected by the random 
error. Most surprisingly, the values of &VI were 
reasonably close to the true values. When we tried 
eqs. (42) and (43) for In(f_/f,,) and solved first for 
EM, and then used this value of BM, to obtain kl* 
and k, we found that small errors in BM, produced 
quite large errors in k and k12. Thus we abandonned 
this method, which was chronologically the first one, 
and we used methods involving + and .$ exclusively 
for the analysis of the Types III or IV AK or SEK in- 
definite self-associations. 

For Example A* it appeared that the Types I and 

II AK indefinite models might describe the self- 
association, since pIots of x/f1 versus c (see refs. [23 J 
and [32]) appeared to give a straight line (see figs. 9a 
and 1 Oa). The values of k and BM, obtained from 
this choice were used to regenerate the M, /M,,,, versus 
c data. The calculated variances were much larger than 
those found for the Types III AK and SEK models. 
So, even though we used plots which should give a 
Str@It line g~oing t1~011gh or close to the origin to 

test for various models, the ultimate criterion is really 
how well a model agrees with the observed data, and 
the variance is used as a criterion for the goodness of 
fit. The lower the variance, the better the fit. With 
weak self-associations one might find two models that 
would describe the experimental data equally well; 
this is evident in tables 1 and 2 of the Garland and 
Christian paper [5] and is also evident from our 
results. 

With respect to the Type I AK model, the equa- 
tions we developed for c and for 0, the osmotic coeffi- 
cient (or M1/!ac under ideal conditions), are com- 
parable to those developed by Garland and Christian 
[5] _ Civision of our eq. (17) for c by M, leads to 

C, = c/M, = (cl/Ml )exp(kc* ) 

= C 1 exp (KC1 ) (55) 

since k = K/Ml, C, = c/‘fl and Cl = cl/M, _ This is 
the same as Garland and Christian’s eq. (3). Similarly, 
our equation for Q=M,/Mn, is 

0 = M, /M nc = (l/kcl)[l - exp(-kcl)] 

= (l/KFl)[l - exp(--KC1)J. (56) 

The division of eq. (56) by eq. (55) for C, Ieads to 

CA = C,0 = (1 /K)[l - exp(---KC1)]. (57) 

which is the same as Garland and Christian’s eq. (5) 
For the Type III AK indefmite self-association, our 
procedures are comparable, except that their eq. (7) 
should read 

C,=C,@=C, +2(K?/K’)[exp(KC,)-l--_KC~]. 

(58) 

Only four examples of AK indefinite self-associations 
have been considered here, since these may be the 
simplest and most frequently encountered ones. The 
methods used here can be applied to develop equa- 
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tions for analyzing other potential AK self-associa- We have-followed a traditional; historical approach 
[I -41 in the analysis of these’various iridefmite self-- 
associations; here we havcused quantities available or 
derived from the experimental data to-obtain unique 
equations in one.unknown with the various models. 
This approach avoids the problem of a baggy fit-that 
arises when one-tries to determine two or more un- 
knowns by an iterative procedure_ The reasons for 
using our approach hqve been discussed previously [I] _ 
Perhaps our experience will stimulate others to test 
for the presence of these AK indefinite self-associa- 
tions, as well as to devise newer and better methods 
for analyzing them. 

tions. 
In-figs_ 2 and 4 we have-compared the n and .$ plots 

for the Types I and 11 AK and SEK indefmite self- 
associations. respectively_ It is evident from these plots 
that there is a region of overlap of the models near 
g = 1 _ This would correspond to very low concentra- 
tions, or to a situation where a weak self-association is 
present_ In this latter case, it might be virtually im- 
possible to distinguish between the appropriate AK or 
SEK models. For the former case, one could overcome 
this problem by carrying out experiments at higher 
concentrations where the plots for the AK or SEK 
models diverge, provided enough material is available. 
For the latter-case, if one camrot get out of the region 
of overlap by doing experiments at higher solute con- 
centrations, then it may be virtually impossible to dis- 
tinguish between the models. 

ln fig.5 we have shown q versus x plots at constant 
$? for the Types Ill AK and SEK models and the plots 
of q versus z at constant t are shown in fig. 6 for 
Types lV AK and SEK models. In both figures the 
values of x or z have been limited to a maximum value 
of 2 for the AK models for ease in comparing these 
models with their appropriate SEK analogs. It is evi- 
dent that there is quite a difference in these plots. For 
the Type IIl models at ,$ = 0.9 (see fig. 5) the plots of 
q versus x overlap for both models until a value of x = 
0.4 is attained; beyond ?his value they diverge. It is 
quite evident that this plot for the AK model shows 
a very slight inclination from the horizontal, so the 
values of x obtained in this region (a region of low 
concentration or a region encountered with a weak 
self-association) may be less precise than those ob- 
tained at lower values of g. It is evident from fig_ 5 
that as E gets smaller the region of overlap tends to 
vanish; there is hardly any overlap of the two models 
when one gets to 5 = 0.6. The comparison plots for 
the Type lV models are shown in fig. 6. Note that in 
this case there is still significant overlap at 5 = 0.6. So 
in some cases it may be difficult or virtually impossible 
to distinguish between the two Type lV models. If 
the values of x 0r.z should be 21, then one cannot 
have an SEK self-association. It is interesting to note 
from fig_ 5 that as E gets smaller, there is a narrower 
range of acceptable values of x for a Type Ill AK model. 
On the other hand, for the Type lV AK model there 
is a fvider range of acceptable values of z at the lower 
.$ vaiues (see fig. 6). 
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Appendix 

The purpose of this appendix is to show how the 
quantities f and 77 can be used in the analysis of the 
Type Ill and the Type lV SEK indefinite self-associa- 
tions. The procedures are similar to those used with 
the Type 111 and the Type IV AK indefiiite self- 
associations (see sections 3.3 and 3.4, respectively) 
in that one shows that t is a quadratic equation in y, 
and then the root of this equation is inserted into 
the appropriate equation for T) to obtain an equation 
in one unknown (x or z)_ Here values of x or z for 
these SEK models are restricted to an interval from 
zero to one, whereas the upper limit in the AK models 
can approach inftity. The pertinent equations for 

M fa 3 WM, 3 Ml /?I&, f and 17 for these SEK models 
are based on relations that were developed previously_ 

A. TJTpe l..-SEK indefinite selfassociation /I/ 

The pertinent relations for this self-association are 
as follows (for c in g/P): 

c=ct[1 +y(2-x)/(1 -#I_ (Al) 

Here 
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Y.= k@l f (0 G.Y < -1 

X=k-Cl, (orx< I) 

k,, = K,,/M, 3 k=K/Ml_ 

The quantities .%j and n are defmed by 

I= 20 + Iv/0 --xX) 

1 + b(;?: -X)/(1 -X)2] 

1 -ky(2 - x)/(1 - x)2 
1 +y(4 - 3x +x2)/(1 -x)3 ’ 

642) 

and 

II=M~/M,~,-~~, = 
1 + y I& - x)/(1 - x)2 

I +y[(4 - 3x+-x2)/(1 -x)3] 

+In]l -F_vf’--x)/(1 -x)2]- CA31 

Eq. (AZ) can be rearranged into a quadratic equation 
in _v, and the root of this equation y = f (x, 5) can be 
inserted into eq. (A3) to obtain an equation in one 
unknown, x = kc1 _ Since $ is known, one can con- 
struct tables or plots of n versus x to aid in the succes- 
sive approximations needed to obtain x; remember 
that 0 <x < I _ Once x is known, theny = kllcl is 

also known from the equation for-v =f(~, .$). and the 
/r can be obtained from eq. (Al). Thus the analysis 
is done in the same manner as was done with the 
anaIysis for the Type III AK indefinite self-association 
in section 3.3. 

B. Tvpe IV SEK ibdefittite self&sociatimr /I / 

The pertinent relations for this self-association are 
as follows (for c in g/P): 

c=cI ]I +2y/(I -22p]. @I) 

Here 

y=il-,,c,, z2 = iX,,c: = k:cf, (0<22 < I), 

gEME1 _Mq= 2fl +y/(1 -*‘)J 

nc me I i- [2y/(l -z2)2] 

1 + [2y/(l - z2)2] 

- I + ]4y(I &)/(l -2’)3J ’ 

and 

n = M, /?W,>.., - In f, = 
I + [2y/(I -z’)“] 

I + [4>7(1 -&)/(I - Z’)3] 

t InfI +2_vj(1 -z’)‘]_ @3) 

It is evident that eq. (B2) is quadratic in y, and the 
root of this equation can be designated asy =g(~, $). 
This root can be inserted into eq. (B3) to give an equa- 
tion in one unknown Z, which can be solved by suc- 
cessive approximations_ Since .$ is known, it is possibIe 
to construct plots or tables of u versus -1 at constant 
values oft to aid in the successive approximations: 
for this model the values of z are restricted to an 
Interval between zero and one.. Once z is known, then 
y is known from the equation for-17 =g(r, $), and fl 
can be obtained from eq_ (Bl). The rest of the analysis 
is done in the same manner as was done with the 
Type IV AK indefiiite self-association in section 3.4. 
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